CIRCLE AND TORUS ACTIONS ON EQUAL 
SYMPLECTIC BLOW-UPS OF CP^ 



YAEL KARSHON AND LIAT KESSLER 

Abstract. A manifold obtained by k simultaneous symplectic 
blow-ups of CP^ of equal sizes e (where the size of CP^ C CP^ is 
one) admits an effective two dimensional torus action if fc < 3 and 
admits an effective circle action if(fc — l)e < 1. We show that these 
bounds are sharp if 1/e is an integer. 



1. TORIC ACTIONS AND CIRCLE ACTIONS IN DIMENSION FOUR 

Hamiltonian torus actions. Let a torus T = (S^)'' act on a compact 
connected symplectic manifold (M, uj) of dimension 2n by symplectic 
transformations. The action is Hamiltonian if there exists a moment 
map, that is, a map 

$ : M t* = M'^ 

such that 

for all j = 1, . . . ,k, where ^i, • • • , ^a: are the vector fields that generate 
the torus action. If H^{M) = then every symplectic torus action is 
Hamiltonian. By the convexity theorem |At^ iGSlj , the image of the 
moment map, 

A := <I>(M), 

is a convex polytope. By the equivariant Darboux-Weinstein theorem 
|Wj . every T-fixed point has a neighborhood U which is equivariantly 
symplectomorphic to a neighborhood of the origin in C"" with T acting 
linearly. The components $^ = {^,^), ^ G g, of the moment map are 
perfect Morse-Bott functions. See [GSlJ. 

From now on we assume that the action of T is effective. 

The Delzant theorem. If dimT = |dimM, the triple {M,ui,^) is 
a symplectic toric manifold, and the T-action is called toric. By the 
Delzant theorem { |Dej : also see |LTj ). (M, a;, $) is determined by A up 
to an equivariant symplectomorphism preserving The inverse image 
under $ of a vertex of A is a fixed point for the T-action, and the 
image of a T-fixed point is a vertex of A. 
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A necessary condition for A to occur as the moment map image of 
a symplectic toric manifold is that it be a Delzant polytope, meaning 
that the edges emanating from each vertex are generated by vectors 
Vi, . . . ,Vn that span the lattice Z". 

Delzant's construction. Given a Delzant polytope A, Delzant con- 
structs a symplectic toric manifold (Ma,co'a,^'a) whose moment map 
image is A. This manifold is a symplectic quotient of C^, where N 
is the number of facets of A, with respect to a subgroup K of (S^)^; 
the toric T-action is through an isomorphism of T with the quotient 
(S^)^ /K. The polytope A is then realized as the intersection of the 
positive orthant with an affine plane. See |Dej . |Auj . or [H] . 

Toric actions on CP^. An important special case of the Delzant 
construction is the construction of CP^ as the quotient of the sphere 
C by the diagonal S^-action, resulting in the Fubini- Study sym- 
plectic form uj-ps on CP^. Whenever we refer to CP^ as a symplectic 
manifold, we assume that the symplectic form is ujysi normalized so 
that 



The standard toric action on CP^ is (a, h) ■ [zq : Zi : Z2] = [zq : azi : 
bz2]. The moment map image is the triangle 



By the Delzant theorem, every toric action on CP^ is obtained from a 
symplectomorphism of CP^ with a symplectic toric manifold Ma- The 
second Betti number dim H2{M^) is equal to the number of edges of A 
minus two; this follows from Morse theory for the moment map. So A 
must be a triangle. It is easy to check that every Delzant triangle can 
be obtained from a standard one, (jl.ip . by a transformation x ^— Ax+b 
where A e GL(2, Z) and b e M^. It follows that 

Lemma 1.1. Every toric T-action on CP^ is equivariantly symplecto- 
morphic to the standard action through an isomorphism of the torus T 



Hamiltonian circle actions on compact symplectic four-manifolds. 

Let the circle group T = act on a compact connected symplectic 
manifold (M, uj) of dimension 4 with moment map $ : M — ^ t* = M. A 
connected component of the fixed point set is either an isolated fixed 
point p G M or a closed symplectic surface F C M on which $ is 
constant. Every interior fixed point (that is, a fixed point at which 
$ is neither maximal nor minimal) is isolated. Let C be the 




(LI) 



{(xi, X2) G I xi > 0, X2 > 0, Xi + X2< 1}. 



with (5^)2. 
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cyclic subgroup of order k. A connected component of the fixed point 
set of Zfc which is not fixed by any larger subgroup is a symplectic 
2-sphere C C M on which acts by rotations of "speed k" ; we call it 
a Zk-sphere. A Z^-sphere contains two fixed points, p and q, which are 
isolated fixed points in M. We note that ^ — ^{<l)\ = ^ Ic^- 

To (M, uj, $) we associate the following labeled graph. To an isolated 
fixed point p we associate a vertex (p), labeled by the real number 
To a Zfc-sphere containing two fixed points p and q we associate an edge 
connecting the vertices (p) and (g) and labeled by the integer k. To 
a two dimensional component F of the fixed point set we associate 
a vertex (F) labeled by two real numbers and one integer: the mo- 
ment map value the symplectic size ^ Jp^, and the genus of 
the surface F. The graph determines (M, a;,$) up to an equivariant 
symplectomorphism that preserves moment maps |lKaT] . 

Circle actions on CP^. On a compact symplectic four-manifold (M, c^;), 
if dimif2(]v/;R) < 3 and dimH'^{M;R) = 0, then every Hamiltonian 
circle action on (M, uj) extends to a toric action. This is proved in 
(Kal Theorem 1] using techniques of |Kalj . In particular, 

Lemma 1.2. Every Hamiltonian -action on CP^ is the composition 
of a homomorphism —>■ (5*^)^ with the standard toric action on CP^. 

2. Symplectic blow-ups 

Blow-up of C". Consider C" = M^" with its standard symplectic 
form J2 dxiAdyi. The standard symplectic blow-up of of size is 
obtained by removing the open ball B'^^{r) of radius r about the origin 
and collapsing its boundary along the Hopf fibration 5*^""^ —>■ CP"~^. 
The resulting space is the disjoint union of CP"~^ with the open set 
{ll^ll > r}. This space is naturally a smooth symplectic manifold 
such that the symplectic form on {\\z\\ > r} is induced from and 
the symplectic form on CP"~^, pulled back to S'^"'~^, is also induced 
from C". This can be shown through symplectic cutting fD or by an 
explicit formula on the complex blow-up (GS3j . For more details see 
^Sl, Section 7.1]. The submanifold CP"""^ is called the exceptional 
divisor. 

Blow-ups of a symplectic manifold. A blow-up of a 2?7,-dimensional 
symplectic manifold (M, u) is a new symplectic manifold that is con- 
structed in the following way. Let i7 C C" be an open subset that con- 
tains a ball about the origin of radius greater than r, and let i: Q ^ M 
be a symplectomorphism onto an open subset of M. The standard 
blow-up in Q of size r^/2 transports to M through i. 
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Let (M, uj) denote the resulting manifold. Then 

(2.1) dimi72(M) = dimi^alM) + 1, 
and 

(2.2) — ^ [ = — ^ [ w'^ - 

where e = r^/2 is the size of the blow-up. 

Similarly, k simultaneous blow-ups are obtained from embeddings 
ii: Qi M, . . . , Zfc : ^ M whose images are disjoint. 

Notions of size. The size, or normalized symplectic area, of a two 
dimensional symplectic manifold (C, cu) is ^ fc^- We also define the 
size of a ball of radius r in to be r^/2, and the size of {CF'"', uj) to 
be 2^ Jj^pi u. These notions are compatible with the notion of the size 
of a symplectic blow-up: in a symplectic blow-up of size e, the size of 
the resulting exceptional divisor is e. 

Constraints on blow-ups. The volume of a symplectic manifold 
gives constraints on the sizes of its symplectic blow-ups: the volume of 
an embedded ball cannot exceed the volume of the manifold. Sharper 
constraints are proved using holomorphic techniques. For instance, by 
the volume constraint, any symplectic blow-up of CP^ must have size 
< 1. By holomorphic constraints, any two simultaneous symplectic 
blow-ups of CP^ must have sizes whose sum is < 1. See [Olj- For 
further constraints, see |MPj . 

It is always possible to perform blow-ups of sufficiently small sizes, 
because, by the Darboux theorem, there always exist Darboux charts, 
and these contain balls. 

Uniqueness of blow-ups of CP^. A manifold obtained from CP^ by 
a sequence of symplectic blow-ups is determined up to symplectomor- 
phism by the sizes of the blow-ups. This is a non-trivial result; it is 
due to Biran and McDuff , see |McDj . We will not use it in proving our 
theorem. 

3. Equivariant symplectic blow-ups 

Equivariant symplectic blow-ups. The standard action of the uni- 
tary group U{n) descends to the standard blow-ups of C". Let M be a 
2n-dimensional symplectic manifold with an action of a compact group 
G. Let f2 C C" be an open subset that contains a ball about the origin 
of radius greater than r. Let i: f2 — ^ M be a symplectomorphism onto 
an open subset of M that is G-equivariant where G acts on Q through 



TORUS ACTIONS ON EQUAL SYMPLECTIC BLOW-UPS OF CP^ 5 



2iP + k2p>r2 



Figure 1 . Blow-up of of size e = y 

some homomorphism G U{n). Then the G-action naturally extends 
to the symplectic blow-up of M obtained from i. If the action on M is 
Hamiltonian, its moment map naturally extends to the blow-up. (This 
follows from the fact that the S^-action by which we collapse is the 
centre of U{n).) When G = {S^)^ we call this a toric blow-up. 

If G is Abelian then, after possibly composing the inclusion map 
i: Q ^ M on the right by an element of U{n), we may assume that G 
acts on by rotations of the coordinates. Specifically, if the action is 
toric, we may assume that G acts on C" through an isomorphism with 
{S^)"^, and if G = S^, we may assume that its action on is 

A ■ {Zi, . . . , Zn) = (A'^^Zi, . . . , X^"Zn) 

where mi, . . . ,m„ are integers. These integers are called the isotropy 
weights at p; they are determined, up to permutation, by the S'^-action 
and the symplectic form. 

Size and rational length. The size, or rational length, of an interval 
AB of rational slope in MJ^ is the largest positive number A such that the 
vector jAB is in the lattice Z". This is compatible with the previous 
notions of "size" (normalized symplectic area): in a symplectic toric 
manifold {M^,uja,^a) with moment map image A, the preimage of 
an edge of A is a 2-sphere in Ma whose normalized symplectic area is 
equal to the rational length of the edge. 

Toric blow-ups in dimension 4. The moment map image of the 
standard symplectic blow-up of of size e is shown in Figure H It is 
obtained from the moment map image of by "chopping off' a 
triangle whose sides have size e. 
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Figure 2. Equivariant blow-ups of sizes ei, €2, 63 of CP^ 

An equivariant blow-up of size e of a symplectic toric manifold amounts 
to "chopping off a corner of size e" of its moment map image A. This 
can be done if and only if there exist two adjacent edges in A whose 
sizes are both strictly greater than e. 

Example. Figure El shows the moment map images of equivariant sym- 
plectic blow-ups of CP^ of sizes 61,62,63. By the "uniqueness of blow- 
ups" of CP^, the resulting manifolds are (non-equivariantly) symplec- 
tomorphic. 

Equal toric blow-ups of CP^. 

Lemma 3.1. {CF^,ujfs) admits a toric blow-up of size e > if and 
only if e < 1. {C¥'^,ujfs) admits two or three toric blow-ups of size 
e > if and only if e < |. {C¥'^,ujfs) does not admit four or more 
toric blow-ups of equal sizes. 

Proof. By Lemma 11.11 the moment map image of CP^ is a triangle in 
which all edges have size 1. So a toric blow-up of size 6 > can be 
performed if and only if 6 < 1. 

After one such blow-up, the moment map image has edges of sizes 
1 — 6, 6, 1 — 6, 1 (ordered cyclically), as shown in Figure |21 If e > |, no 
two adjacent edges have size greater than e, so one cannot perform a 
second toric blow-up of size e. If 6 < |, one can perform toric blow-ups 
of size 6 at one or both of the two endpoints of the edge of size 1. The 
resulting moment map images are shown in Figured 

After three toric blow-ups of size 6, one out of any two adjacent 
edges of the moment map image has size 6, see Figure lU So one cannot 
perform another toric blow-up of size e. □ 

S^-equivariant blow-ups in dimension 4. 

Lemma 3.2. A Hamiltonian S^-manifold (M, admits an S^- 
equivariant blow-up of size 6 > centred at a fixed point p € 
if and only if the following conditions are satisfied. 
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Figure 3. One toric blow-up of size e of CP^ 



1-e 




1-e l-2e 



Figure 4. Two or three toric blow-ups of size e of CP^ 

(1) If p belongs to a Zk-sphere C then j^uo > e. 

(2) Ifp belongs to a two dimensional component F of the fixed point 
set M^^ then ^ JpOO > e. 

(3) + € < max$(m) and - e > min $(m). 

m€M m,€M 

(4) If p is an isolated fixed point and is a minimum or maximum 
for the moment map, and if q is any fixed point other than p, 
then \^{j>) - > e. 

Proof that the conditions are necessary. Let ^2 C be an open set 
containing a ball of radius > r about the origin, where e = and 
let i: — > M be a symplectic embedding that is equivariant with 
respect to a homomorphism — > C/(2) and such that i(0) = p. Let 
m and n be the isotropy weights at p, so we may assume that the 
5'^-action on is 

A-(^i,^2) = (A™^i,A'^Z2), 
and the moment map on is 

I |2 I 12 

(3.1) {z) = + m^- + n^. 

The point (2:1, 0), for zi ^ 0, is fixed if and only if m = 0, and it has 
stabilizer if and only if A; = |m| > 2. A similar statement holds for 
the point (0,2:2). It follows that if p belongs to a Z^.-sphcrc C or to a 
two dimensional component F of then i^^(C) or i^^{F) is equal 
to the intersection of Vt with one of the coordinate planes. Because this 
intersection contains a disk of area 7rr^ = 27re, the size of C, or F, must 
be greater than e. This immediately implies Conditions (1) and (2). 
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Condition (3) follows from the fact that the moment map for the S^- 
action on satisfies sup $c2(-2) > $(p)+e and inf ^(C2{z) < e. 

The Duistermaat-Heckman function of a Hamiltonian T-manifold 
(M, u,^) is the function DHa/ : t* ^ M given by 

(3.2) DHM(a) = 77^, [ oj'jkl 

where k = ^dimM — dimT, and Ua is the induced symplectic form 
on the reduced space $^^(a)/T. The Duistermaat-Heckman function 
for the circle action on with moment map ()3.1|) . when m and n are 
both positive, is the function DHc2 : M — M given by 

DHc2(a) = —Sia-^p)) 
mn 

where 

^' [0 ift<0. 

By the Guillemin-Lerman-Sternberg formula (see |GLSt Section 3.3] 
and jGGK| formula (4.27)]), if every fixed point q such that $(g) < a 
is isolated, then 

(3.3) DHM(a) = V -^S{a - $(g)) 

where ruq and Uq are the isotropy weights at q. 

Now suppose that $ attains its minimum at an isolated fixed point 
p. By dnH), the set 

{z I \^c2{z)-^p)\<t} 

is contained in the ball of radius r where r^/2 = e, and this ball is 
contained in f2, thus by (j3.2j) . 

(3.4) DHM(a) > DHc2(a) = —S{a - ^{p)) 

mn 

for all $(p) < a < $(p) + e. If there exists a fixed point q such that 
$(p) < $(g) < a then, by ()3.3|) . and since a non isolated fixed point 
can only occur at the maximum of $, 

(3.5) DHM(a) < —S{a - ^{p)). 

mn 

Condition (4), for a minimum, follows from ()3.4j) and ()3.5|1 . Condi- 
tion (4) for a maximum is proved in the same way. □ 



Proof that the conditions are sufficient. See jKaH Proposition 7.2]. □ 
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If M' is obtained from M by an equivariant blow-up, and q is an 
isolated fixed point in M different from the point at which the blow- 
up is centred, then q can also be considered as a point of M' . This 
follows from the fact that the image of an equivariant open embedding 
i: Vt ^ M, for Q C C", cannot contain an isolated fixed point except 
perhaps i{0). 

Lemma 3.3. Let (M, uj, $) be a four dimensional compact Hamiltonian 
-manifold. Let (M, cD, $) he an equivariant blow-up of {M,uj,^) of 
size e > centred at an isolated fixed point p G M^^ . Let E C M be 
resulting exceptional divisor. Then M does not admit an equivariant 
symplectic blow-up of size e that is centred at a fixed point in E. 

Moreover, suppose that q & E is an isolated fixed point. Let M' be 
obtained from M by a sequence of equivariant symplectic blow-ups at 
points other than q. Then M' does not admit an equivariant symplectic 
blow-up of size e that is centred at q. 

Proof. Let m and n be the isotropy weights at p. Because p is an iso- 
lated fixed point, m and n are non-zero. Because the action is effective, 
m and n are relatively prime. The exceptional divisor E is symplecto- 
morphic to (CP^,eu;Fs) with the S^-action A ■ [z,w] = [X"^z, X"'w]. 

If k := \m — n\ > 2, then E is & Z^-sphere. The lemma then follows 
from Part ( 1 ) of Lemma 

If m = n = 1 or m = n = —1, then £" C M is fixed under the 
S^-action. The lemma then follows from Part (2) of Lemma f3. 21 

If \m — n\ = 1, m and n must have the same sign. The isolated fixed 
point p is then a minimum or maximum for the moment map $. E 
then connects the minimum or maximum of $ with an interior fixed 
point. The lemma then follows from Parts (3) and (4) of Lemma f3. 21 

Now suppose that g G -E is an isolated fixed point and that M' is 
obtained from M by a sequence of equivariant symplectic blow-ups. If 
k := |m— n| > 2, so that ii^ C M is a Z^-sphere of size e passing through 
q, the additional blow-ups transform E into a Z^-sphere through q of 
size <e. If m = n = l or m = n = —1, 

then all the points of E are fixed points so the fixed point q is not 
isolated. If \m — n\ = 1, then either + e = max^g^$(m) or 

— e = min^gj^ <l>(m). After blowing up, the minimal value of 
the moment map does not decrease and the maximal value does not 
increase, so in M' we have ^'{q) + e > max^^j^, $'(m) or — e < 
min^g^, $'(m). As before, in each of these cases Lemma 13.21 implies 
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genus=0 
size=e 



• • • ^=a+e 

<S>=a *=a 
genus=0 genus=0 
size=l size=l— (fc— l)e 

Figure 5. S'^-equivariant blow-ups of O 



that M' does not admit an equivariant blow-up of size e centred at 
q. □ 

Equal -equivariant blow-ups of CP^. 

Lemma 3.4. {CF'^,ujps) admits k -equivariant blow-ups of size 
e > if and only if {k — l)e < 1. 

Proof. In Figure El on the left we see the graph corresponding to a CP^ 
of size 1 with the S^-action 

0- ■ [zq, Zi, Z2] = [zq, Zi, az2\. 

Suppose that {k — l)e < 1. Then we can perform one blow-up at 
the isolated fixed point and {k — 1) blow-ups at points on the fixed 
surface. (See Lemma 13.21 ) The resulting graph is shown in Figure |31 
on the right. 

From the constraints described in Lemma 13.21 it follows that the 
condition {k — l)e < 1 is necessary for there to exist k equivariant 
blow-ups of sizes e > 0. 

A similar argument holds if we start from CP^ with the opposite 
5* """-action, a ■ [zq, zi, Z2] = [zq, Zi, a~^Z2]. 

Now suppose that we start with CP^ with any other S'-'^-action. By 
Lemma IT!^ we may assume that the action has the form A - [2:0, zi, Z2] = 
[X"-zo, X^zi, X'^Z2] for some a,b,c G Z. After possibly permuting the 
homogeneous coordinates and multiplying them by the same power of 
A, we may assume that the action is 

(3.6) X-[Z0,Z,,Z2] = [Z0,\'^Z,,\''Z2] 
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$=0 



Figure 6. Extended graph for S'^-action on CP^ 

with < m < n. Because the action is effective, m and n are relatively 
prime. We already covered the case that m = and n = 1, and, since 
[zq, Xzi, XZ2] = [X~^Zo, Zi, Z2], we also covered the case m = n = 1. So 
we may assume that 1 < m < n — 1. 

To reduce the number of cases that we will need to consider, we will 
work with extended graphs. See |KaH page 33] . The extended graph of 
a Hamiltonian 5'^-manifold is obtained from its graph by adding edges, 
labeled by the integer 1, connecting vertices that correspond to interior 
fixed points to vertices that correspond to the minimum or maximum 
of the moment map, in such a way that the vertex corresponding to 
any fixed point will have exactly one edge going up from it and one 
edge going down from it. (This graph keeps track of the "gradient 
spheres" for a generic metric. There exist other extended graphs, which 
correspond to non-generic metrics, but we do not need these.) 

For (CP^,co'Fs) with the S^-action ()3.6|) . with 1 < m < n — 1, and 
assuming that the minimal moment map value is $ = 0, we get the 
extended graph shown in Figure El where i = m — n. 

By Lemma 13.21 if we perform equivariant blow-ups at two of the 
three fixed points, the sum of the sizes of the blow-ups is less than 1. 
Fix e > 0. By Lemma 13.31 We can perform equivariant blow-ups of 
size e only at the original three fixed points. Hence, if k is the number 
of blow-ups, then either k = 1 and e < 1, or A; e {2, 3} and e < |. It 
follows that {k — l)e < 1. 
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il>=m+/e 




n—£ (=m) 
k ^=n—ne 



n 



m+l (=n) 




Figure 7. Three S'^-equivariant blow-ups of CP^ 



Figure [7|shows the extended graph after we perform three equivariant 
blow-ups of size e. 



Equivariant symplectic blow-down. Let a compact Lie group G 
act on a four dimensional symplectic manifold (M, u) . Let C G M 
be a smooth, G-invariant, symplectic 2-sphere, whose homology class 
satisfies [C] ■ [C] = —1. By the equivariant version of Weinstein's 
tubular neighborhood theorem a neighborhood of C is equivari- 
antly symplectomorphic to a neighborhood of the exceptional divisor 
in a standard blow-up of C^. We can then equivariantly blow-down M 
along C. This yields a symplectic manifold {N,ujn) with a G-action 
whose equivariant blow-up is (M, cu). 

4. Circle and torus actions on equal symplectic blow-ups 



We are now ready to state our main result. Recall that we assume 
that our circle or torus actions are always effective. 

Theorem 4.1. Let e > be such that 1/e is an integer. Let {Mk,uJe) 
be a symplectic manifold that is obtained from {CF'^,ujfs) by k simul- 
taneous blow-ups of size e. 

(1) If k > A then {Mk,uJe) does not admit a two dimensional torus 



(2) // {k — l)e > 1 then {Mk,uje) does not admit a circle action. 



□ 



OF CP^ 



action. 



Remarks. (1) The reason that Theorem 14. II does not follow directlv 
from Lemmas 13. II and 13.41 is that a-priori (M^jCUe) might admit 
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an action which does not arise from an action on CP^ by per- 
forming the blow-ups equivariantly. 
(2) The second author, in |Kej . showed that the conclusion of The- 
orem 03 holds for all e < ^^j^- In joint work with Martin Pin- 
sonnault, we further strengthened this to all e < 1/3. Finally, 
Martin Pinsonnault showed that the conclusion of Theorem 14.11 
also holds for all 1/3 < e < 1/2. These results will appear 
elsewhere. 



5. HOLOMORPHIC SPHERES 

In this section we recall some well-known results from Gromov's the- 
ory of holomorphic curves. We restrict our attention to curves of genus 
zero. Wherever we do not specify the degree of smoothness, we assume 
that maps are C°° smooth and spaces of maps are equipped with the 
C°° topology. 

An almost complex structure on a manifold M is an automorphism 
J : TM — >■ TM of the tangent bundle such that = —identity. It is 
tamed by a symplectic form uj if u!{u, Ju) > for all u 0. This implies 
that for every embedded submanifold C C M, if J{TC) = TC then 
uj\tc is non-degenerate. On a symplectic manifold there always exists 
a tamed almost complex structure. If a symplectic manifold admits an 
action of a compact Lie group G, there always exists a tamed almost 
complex structure that is G- invariant. 

Fix a compact symplectic manifold (M, oj) . Let J denote the space 
of almost complex structures J on M that are tamed by uj. The space 
J is contractible |MS1] . It follows that the first Chern class of the 
complex vector bundle (TM, J) is independent of the choice of J G JT"; 
we denote it ci(TM). 

Fix J & J . A parametrized J -sphere is a map /: CP^ — >■ M which is 
J-holomorphic, that is, which satisfies the Cauchy-Riemann equations 
df ° 3 = J ° df. It is called simple if it cannot be factored through a 
branched covering of CP^. 

An embedding is a one to one immersion which is a homeomorphism 
with its image. An embedded J-sphere C G M is the image of a J- 
holomorphic embedding /: CP^ —>■ M. In particular, such a C is an 
embedded symplectic sphere. 

Let A G H2{M;Z) be a homology class. For J e J, let M{A, J) 
denote the set of simple parametrized J-spheres in the class A. Notice 
that a A ■ A = —1 then every parametrized J-sphere in the class A is 
simple. 
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Consider the universal moduli space 

M{A,J) = {{f,J) I J ej, f eM{A,J)}. 

(In the notation of McDuff and Salamon, [ MS 3 1 §3.1], this space would 
be denoted by M*{A, S; J) with S = CP^) 
The projection 

tt: M{A,J)^J 

is a smooth map between Frechet manifolds. A point (/, J) G M.{A, J) 
is regular for vr if and only if the differential of tt at (/, J) is onto. See 
p\ra Definition 3.1.4 and Remark 3.2.8]. 

Lemma 5.1. Let J E J . Suppose that there exists a simple J-sphere f 
such that (/, J) is a regular point for tt . Then the image of it contains 
a neighborhood Q of J in J . 

Proof. Let J'^ denote the space of almost complex structures on M of 
type that are tamed by u, and let J^{A,J'^) denote the space of 
pairs (/, J) where J E J^^ and where / : CP^ — ^ M is a J-holomorphic 
map of type in the class A which cannot be factored through a 
branched covering of CP^. (By "elliptic regularity", if J G JT"^ and 
/: CP^ ^ M is J-holomorphic, then / is of type C^. Hence, the 
space that we denote A4{A,J'^) coincides with the space that, in the 
notation of |Mt31 p. 42], is denoted M*{A, S; J^) with S = CP^ See 
[MR3l Proposition 3.1.9].) 

Let TT^: Ai{A,J'^) — ^ J'^ denote the projection map. If £ is suffi- 
ciently large, J^^ and Ai {A, J^) are Banach manifolds and vr^ is differ- 
entiable. See |MS3| Proposition 3.2.1]. Because the differential of tt at 
(/, J) is surjective and its kernel is finite dimensional, the differential 
of TT^ at (/, J) is also surjective and its kernel is finite dimensional. 
See the last paragraph of §3.1 in |MS3j . In particular, the kernel splits, 
that is, it has a closed complementary subspace in T(j j)A^(y4, J^). See 
\La\ p. 4]. By the implicit function theorem for Banach spaces, there 
exist a neighborhood of (/, J) in }A{A., J^) in which vr^ is a projection 
map; in particular, the image of vr^ contains an open neighborhood VL^ 
of J in J^. See pLa, Chapter I, §5, Cor. 2s]. Since the topology on 
J <Z coarser then the topology, and Of' is open in J^, the 

intersection := Q''' (1 is open in J'. Let J' G f2. Since J' G fl^, 
there exists a J'-holomorphic sphere /: CP^ ^ M of type in the 
class A. Since J' is smooth, by "elliptic regularity" , / is smooth. See 
|MS3[ Proposition 3.1.9]. The lemma follows. □ 
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The group PSL(2,C) of Mobius transformations of CP^ naturally 
acts on Ai {A, J') by reparameterizations. We say that A is indecompos- 
able if it cannot be written as a sum A = A1 + A2 where Ai G H2{M; Z) 
and u > 0. 

Recall that a continuous map between topological spaces is called 
proper if and only if the pre- image of any compact set is compact. 

Lemma 5.2. If A is indecomposable then the map 

(5.1) MiA,J)/FSL{2,C) > J 

that is induced from it is proper. 

Proof. By Gromov's compactness theorem |MS3l Theorem 5.3.1], since 



A is indecomposable, if J„ converges in J', then every sequence (/„, J„) 
in Ai {A, J') has a convergent sub-sequence. Recall that a space is 
defined to be sequentially compact if and only if every sequence has a 
convergent subsequence. It follows that the pre-image under vr of any 
sequentially compact subset of JT" is a sequentially compact subset of 
A4{A,J'). In a space whose topology has a countable bases, a subset 
is compact if and only if it is sequentially compact. See |KeH Chap. 5, 
Thm. 2 and Lemma 4]. It follows that vr is proper. □ 

Lemma 5.3. Suppose that dimM = 4. Let A G H2{M;7j) be a ho- 
mology class which is represented by an embedded symplectic sphere C . 
Then 

(1) There exists an almost complex structure Jq E J for which C 
is a Jo-sphere. 

(2) For any J E J and any parametrized J -sphere f : CP^ ^ M in 
the class A, the map f is an embedding. 

Proof. Construct Jq as follows. Let 

/o : CP^ ^ M 

be a symplectic embedding whose image is C . Define Jq\tc such that /o 
is holomorphic. Extend it to a compatible fiberwise complex structure 
on the symplectic vector bundle TM\c- Then extend it to a compat- 
ible almost complex structure on M. See |MSll Section 2.6]. Then 
{fo,J,)eM{E,J). 

By the adjunction inequality, for any (/, J) G M.{A, J), 
A-A-ci(TM)(A) + 2>0, 
with equality if and only if / is an embedding. See |MS3l Cor. E.1.7]. 



Applying this to (/o, Jo), we get that the homology class A satisfies 
A - A — ci{TM){A) + 2 = 0. Applying the adjunction inequality to any 
other (/, J) G M.{A, J), we get that / is an embedding. □ 
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Lemma 5.4. Let {M,uj) be a compact symplectic four-manifold. Let 
A G H2{M]'Z) be an indecomposable homology class which is repre- 
sented by an embedded symplectic sphere and such that ci(TM){A) > 1. 
Then for any almost complex structure J E J there exists an embedded 
J -sphere in the class A. 

Proof. Let C C M be an embedded symplectic sphere such that [C] = 
A. By part 1 of Lemma (5.31 Ai{A,J') is non-empty. So the image of 
TT is a non-empty subset of J'. 

Let (/, J) G Ai{E, J'). By part 2 of Lemma EISl / is an embedding. 
Since M is four dimensional, / is an embedding, and ci{TM){A) > 1, 
by I HLS] . (/, J) is regular for ti: M{A,J) J. By Lemma O it 
follows that the map vr is open. In particular, the image of tt is an 
open subset of J'. 

The image of vr is equal to the image of the induced map (j5.ip . 
Because, by Lemma this map is proper, its image is a closed subset 
of J. 

We have shown that the image of vr is a subset of which is 
nonempty, open, and closed. Because J' is connected, it follows that vr 
is onto. This proves the Lemma. □ 

6. Proof of the main result 

Lemma 6.1. Let e > be such that 1/e is an integer. Let {Mk,uje) 
be a symplectic manifold that is obtained from {CF'^, utps) by k simul- 
taneous blow-ups of size e. Let Ei G H2{Mk; Z), for i = 1, . . . ,k, be 
the homology classes of the exceptional divisors. Let a compact con- 
nected Lie group G act on {Mj^jU^) symplectically. Then there exist 
pairwise disjoint G -invariant embedded symplectic spheres Ci C M^, 
for i = 1, . . . , k, whose homology classes are [Ci] = Ei. 

Proof. Let be the exceptional divisors in (Mfc, a;^), so that Ei = [Ci]. 
Each Ci is an embedded symplectic sphere. 

The second homology group H2{Mk]Z) is generated by [CP^] and 
the Ei^s. Let N be the integer such that e = Then, for each 
A G H2{Mk; Z), the size 2^ J^u; is an integer multiple of It follows 
that any homology class whose size is equal to is indecomposable. 
In particular, each of the classes Ei is indecomposable. 

Let Jg be a G-invariant almost complex structure on Mk tamed by 
We- By Lemma 15. 4| for each i there exists an embedded J^-sphere 
Ci C Mfc such that [Ci] = Ei. We now show 

(1) Ci, . . . ,Ck are disjoint; 

(2) each Ci is G-invariant; 
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(3) each Ci is symplectic. 
For i ^ because Ei ^ Ej, the spheres Ci and Cj do not coincide. 
By positivity of intersections, and since E^ ■ Ej = 0, the spheres Ci and 
Cj are disjoint. 

Let a E G. Because G is connected, [aCi] = [Ci] = Ei. By positivity 
of intersections and since Ei ■ Ei = —1, aCi and Ci must coincide. 

Because Ci is an embedded Jc-sphere and Jq is tamed by Ue, Ci is 
symplectic. □ 

Remark 6.1. The assertion of Lemma (6. II is false when ^ < e < 1 and 
k = 1. For a detailed example see |Ke| Section 6]. 

Proof of Theorem \4.1\ Let e > be such that 1/e is an integer. Let 
(Mfc,ci;e) be a symplectic manifold that is obtained from (CP^,u;fs) by 
k simultaneous blow-ups of size e. 

Let G = {S^Y or G = act on (Mfc,a;J; because Mk is simply 
connected, the action is Hamiltonian. 

Let Ci be the spheres obtained from Lemma IU!T1 Perform equivariant 
symplectic blow-downs of (Mfc,u;J along the Cj's. By fl2.1|) and ()2.2|) . 
each such a blow-up decreases the second Betti number by one and 
increases the symplectic volume by (27r)^e^/2. 

We get a four dimensional symplectic manifold {N,ujn), with an 
effective Hamiltonian G-action, dimif2(^) = 1 and the volume of is 
the same as that of (CP^,ti;Fs)- By Lemmas 11.11 and 11.21 this manifold 
is equivariantly symplectomorphic to CP^ with its standard symplectic 
form. 

Viewing this process in reverse order, we get that {Mk, cuj is obtained 
from CP^ by k equivariant blow-ups of size e. 

The theorem now follows from Lemmas 13.11 and 13.41 □ 

Remark 6.2. Scott Baldridge ^Blij has shown that any four- manifold 
which admit a symplectic structure and a circle action with fixed points 
must be rational or ruled. Consequently, such a manifold admits a 
symplectic form that is preserved by a circle action. Baldridge asked 
|B2j whether any symplectic form on such a manifold is preserved by 
some circle action. Our result shows that the answer is "no". For 
example, the manifold obtained from CP^ by four blow-ups admits 
circle actions and admits symplectic forms; by jTj , this manifold admits 
a symplectic form such that each of the four exceptional divisors has 
size 1/3; by Theorem 14.11 this symplectic form is not preserved under 
any circle action. 
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